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7 $(Y, g)$ Lie $G_{2}$
$(Y, g)$ $G_{2}$ $G_{2}$ $Y$ 3 $\varphi$
$\varphi$
$0$ 4 coassociative
$SU(3)\subset G_{2}$ (3 ) $\cross \mathbb{R}$





Harvey Lawson [4] $f$ calibration
1. $(Y, g)$ $m$ $\varphi$ $Y$ $k(1\leq k\leq m)$




$N\subset M$ $k$ $N$
$\varphi|_{N}=vo1_{N}$








2. $\mathbb{R}^{7}$ 3-form $\varphi_{0}$
$\varphi_{0}=e^{125}$ – $e^{345}+e^{136}-e^{426}+e^{147}-e^{237}+e^{567},$
$(e^{1}, \cdots, e^{7})$ $\mathbb{R}^{7}$ $\varphi_{0}$
Lie $G_{2}$
$G_{2}=\{g\in GL(7, \mathbb{R});g^{*}\varphi_{0}=\varphi_{0}\}$




$vo1_{g0}$ $g_{0}$ $i(.$ $)$ $v_{i}\in T(\mathbb{R}^{7})$
3. $Y$ 7- $\varphi$ $Y$ 3-form
$y\in Y$ $T_{y}Y$ $\mathbb{R}^{7}$ $\varphi_{y}$ $\varphi_{0}$
3-form $\varphi$ $Y$ $G_{2}$ (1.1) $\varphi$ $Y$
g $*\varphi\in\Omega^{4}(Y)$ $\varphi\in\Omega^{3}(Y)$ $Y$
$G_{2}$- $g$ $(Y, \varphi, g)$ $G_{2}$
$d\varphi=d*\varphi=0$ $G_{2}$ $(Y, \varphi, g)$ torsion-free
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4. $[2J(Y, \varphi, g)$ $G_{2}$ Hol $(g)\subset G_{2}$
$d\varphi=d*\varphi=0$
5. $[4J(Y, \varphi, g)$ torsion-free $G_{2}$ - $G_{2}$ $\varphi$ Hodge
$*\varphi$ $Y$ calibration
6. [4] $\varphi$-submanifold associative $*\varphi$-submanifold
coassociative
coassociative







8. $[4JP^{3}\subset \mathbb{R}^{7}$ 3 $\varphi|_{P}=0$
$P$ coassociative $N$
$\iota$ : $P\hookrightarrow \mathbb{R}^{7}$ $\{\iota_{t}:P\hookrightarrow \mathbb{R}^{7}\}_{t\in(-\epsilon,\epsilon)}$ $\bigcup_{t\in(-\epsilon,\epsilon)}{\rm Im}(\iota_{t})$
coassociative $P$ $P$
$G_{2}\ltimes \mathbb{R}^{7}$ 3 Lotay [11]
2.3
$M^{4}=\mathbb{R}^{4},$ $S^{4}$ or $\mathbb{C}P^{2}$ $\Lambda^{\underline{2}}M^{4}$ $G_{2}$
$\Sigma^{2}\subset M^{4}$ 2 2
coassociative




$\sigma$ : $Yarrow Y$ $\sigma^{*}g=g,$ $\sigma^{*}\varphi=-\varphi,$ $\sigma\neq id,$ $\sigma^{2}=id$
$\sigma$ coassociative




coassociative $L$ $L$ Lie $G$
$G$ $L$ 1
$co$associative 1
9. $(Y, \varphi, g)$ $G_{2}$ Lie $G$ $Y$
$\varphi$
$G$ 3
1. $\Sigma\subset Y$ ( $\Sigma$ $Y/G$” )
$\bullet G\cdot\Sigma=\{g\cdot x\in Y;g\in G, x\in\Sigma\}=Y,$
$\bullet$ $T_{x}\Sigma\cap T_{x}$ ( $G$ -orbit) $=\{0\}(\forall x\in\Sigma)$ ,
( $G$ -orbit)# $x$ $G$-orbit
2. pathc : $Iarrow\Sigma$ $(I\subset \mathbb{R}$ : $)$
$\varphi(v_{1}^{*}, v_{2}^{*}, v_{3}^{*})|_{c}=0, \varphi(v_{i}^{*}, v_{j}^{*},\dot{c})|_{c}=0(\forall v_{i}\in \mathfrak{g}=Lie(G))$ ,
$\dot{c}=\frac{dc}{dt}$ $v^{*}$ $v\in \mathfrak{g}$
$Y$
3. $L$ $:=G$ . Image$(c)$ $G$
4 $\mathbb{R}^{7}$
4.1 $\mathbb{R}^{7}$ $G_{2}$
$\mathbb{R}^{7}$ $\Lambda_{-}^{2}\mathbb{R}^{4}\cong \mathbb{R}^{4}\oplus \mathbb{R}^{3}$ $(y^{1}, y^{2}, y^{3}, y^{4})$ $\mathbb{R}^{4}$
2-form $\omega_{i}$ l-form $b^{j}(i, j=1,2,3)$
$\omega^{1}=dy^{12}-dy^{34}, \omega^{2}=dy^{13}-dy^{42}, \omega^{3}=dy^{14}-dy^{23}, b^{;}=da^{j},$
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$SU(2)$ $\mathbb{R}$7 $SU(2)$ $\mathbb{C}^{2}\cong \mathbb{R}^{4}$ $\Lambda_{-}^{2}\mathbb{R}^{4}\cong \mathbb{R}^{7}$
“ “ $\Sigma$
$\Sigma=\Sigma_{1}\sqcup\Sigma_{2}$ $\Sigma_{3},$
$\Sigma_{1}=\{(y^{1},0,0,0, a^{1}, a^{2}, a^{3})\in \mathbb{R}^{7};y^{1}>0, a^{i}\in \mathbb{R}\},$
$\Sigma_{2}=\{(0,0,0,0, a^{1}, a^{2}, a^{3})\in \mathbb{R}^{7};\sum_{i=1}^{3}|a^{i}|^{2}>0\}, \Sigma_{3}=\{0\},$
$SU(2)$ $\cdot\Sigma=\mathbb{R}^{7}$
$SU(2)\cdot x\cong\{\begin{array}{ll}S^{3} (x\in\Sigma_{1}) ,S^{2} (x\in\Sigma_{2}) ,* (x\in\Sigma_{3}) .\end{array}$
$SU(2)$ Lie $\mathfrak{s}u(2)$ $\{X_{1}, X_{2}, X_{3}\}$
$X_{1}= \frac{1}{2}(\begin{array}{ll}i 00-i \end{array}), X_{2}= \frac{1}{2}(\begin{array}{ll}0 1-1 0\end{array}), X_{3}= \frac{1}{2}(\begin{array}{ll}0 ii 0\end{array})$ (4.1)
# $[X_{j}, X_{j+1}]=X_{j+2}(j\in \mathbb{Z}/3)$ path $c$ : $Iarrow\Sigma$
$\varphi(X_{1}^{*}, X_{2}^{*}, X_{3}^{*})|_{c} = 0,$
$\varphi(X_{i}^{*}, X_{j}^{*},\dot{c})|_{c} = 0(1\leq i, j\leq 3)$ .
$c$
$\{((y^{1},0,0,0), r\vec{v})\in \mathbb{R}^{7};r(4r^{2}-5(y^{1})^{2})^{2}=C, r\geq 0\}$
$(\vec{v}\in S^{2}\subset \mathbb{R}^{3 }C\geq 0)$ Harvey, Lawson
10 (Harvey and Lawson [4]). $\vec{v}\in S^{2}\subset \mathbb{R}^{3 }C\geq 0$
$M_{C}:=SU(2)\cdot\{((y^{1},0,0,0), r\vec{v})\in \mathbb{R}^{7};r(4r^{2}-5(y^{1})^{2})^{2}=C, r\geq 0\}$
$\mathbb{R}^{7}$ $SU(2)$ coas$\mathcal{S}$ociative $SU(2)$
coassociative
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$C>0$ $M_{C}$ 2 $M_{c}^{\pm}$
$M_{C}^{\pm}:=M_{C}\cap SU$(2) . $\{((y^{1},0,0,0), r\vec{v})\in \mathbb{R}^{7};\pm(4r^{2}-5(y^{1})^{2})>0\}$
$M_{c}^{+}$ (resp. $M_{C}$ ) $\mathbb{C}P^{1}\cong S^{2}$ $\mathcal{O}_{\mathbb{C}P^{1}}(-1)$ (resp. $S^{3}\cross \mathbb{R}$)
$C=0$
$M_{0}=M_{0}^{0}\sqcup M_{0}’, M_{0}^{0}=SU(2)\cdot\{(y^{1},0,0,0,0,0,0);y^{1}\geq 0\},$
$M_{0}’=SU(2)\cdot\{y^{1} ((1,0,0,0), c_{2}5\vec{v})\in \mathbb{R}^{7};y^{1}>0\},$
$M_{0}^{0}$ $\mathbb{R}^{4 }M_{0}’$ # HOpffibration $S^{3}arrow S^{2}$ $S^{3}\cross \mathbb{R}$
4.3 $G=T^{2}\cross \mathbb{R}_{>0}$
$T^{2}\cross \mathbb{R}_{>0}$ $\mathbb{R}^{7}$
$(e^{i\theta}, e^{i\psi}, R)\cdot(z^{1}, z^{2}, a^{1}, w)=(Re^{i\theta}z^{1}, Re^{i\psi}z^{2}, Ra^{1}, Re^{i(\psi-\theta)}w)$ ,
$(e^{i\theta}, e^{i\psi}, R)\in T^{2}\cross \mathbb{R}_{>0},$ $(z^{1}, z^{2}, a^{1}, w)\in \mathbb{C}^{2}\oplus \mathbb{R}\oplus \mathbb{C}=\mathbb{R}^{7}$
“ “ $\Sigma$
$\Sigma=\Sigma_{1}u\Sigma_{2}$ $\Sigma_{3}\sqcup\Sigma_{4}\sqcup\Sigma_{5}\sqcup\Sigma_{6},$
$\Sigma_{1}=\{(y^{1},0, y^{3},0, a^{1}, a^{2}, a^{3})\in S^{6};y^{1}, y^{3}\geq 0, |y^{1}|^{2}+|y^{3}|^{2}>0\},$
$\Sigma_{2}=\{(y^{1},0, y^{3},0, a^{1}, a^{2},0)\in S^{6};\#\{x=0;x\in\{y^{1}, y^{3}, a^{2}\}\}=2\},$
$\Sigma_{3}=$ { $(0,0,0,0,1,0,0)$ }, $\Sigma_{4}=\{0\}.$
$T^{2}\cross \mathbb{R}_{>0}\cdot\Sigma=\mathbb{R}^{7}$
$T^{2}\cross \mathbb{R}_{>0}\cdot x\cong\{\begin{array}{ll}T^{2}\cross \mathbb{R}_{>0} (x\in\Sigma_{1}) ,S^{1}\cross \mathbb{R}_{>0} (x\in\Sigma_{2}) ,\mathbb{R}_{>0} (x\in\Sigma_{3}) ,* \end{array}$
$(x\in\Sigma_{4})$ .
$T^{2}$ Lie $t^{2}$ $X_{1}=(1,0),$ $X_{2}=(0,1)\in \mathbb{R}^{2}\cong t^{2}$
path $c:Iarrow\Sigma$
$\varphi(X_{1}^{*}, X_{2}^{*}, r\frac{\partial}{\partial r})|_{c} = 0,$
$\varphi(X_{1}^{*}, X_{2}^{*},\dot{c})|_{c} = 0,$
$\varphi(X_{1}^{*}, r\frac{\partial}{\partial r},\dot{c})|_{c} = 0,$
$\varphi(X_{2}^{*}, r\frac{\partial}{\partial r},\dot{c})|_{c} = 0.$
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11. $\alpha,$ $\gamma$ : $Iarrow(O, \pi/2),$ $\beta$ : $Iarrow \mathbb{R}$ $I\subset \mathbb{R}$
$\frac{d}{dt}\log(\sin\gamma)=-\frac{2\tan\beta\cdot\tan(2\alpha-\beta)\cdot\dot{\beta}}{\tan(2\alpha-\beta)+3\tan\beta},$
$\frac{d}{dt}\log(\tan\gamma)=-\tan(2\alpha-\beta)\cdot(\dot{\alpha}+\dot{\beta})$
$M\subset \mathbb{C}^{2}\oplus \mathbb{R}\oplus \mathbb{C}\cong \mathbb{R}^{7}$
$M=\{(Re^{i\theta}\cos\gamma(t)\cdot\cos\alpha(t),$ $Re^{i\psi}\cos\gamma(t)\cdot\sin\alpha(t)$ ,
$R\sin\gamma(t)\cdot\cos\beta(t),$ $Re^{i(\psi-\theta)}\sin\gamma(t)\cdot\sin\beta(t))$ ; $R>0,$ $\theta,$ $\psi\in \mathbb{R},$ $t\in I\}$
$l$ $T^{2}$ coassociative cone $I\subset \mathbb{R}$ $M\cong T^{2}\cross \mathbb{R}_{>0}\cross I$
5 $\Lambda^{\underline{2}}S^{4}$
5.1 $\Lambda_{-}^{2}S^{4}$ $G_{2}$
$S^{4}$ $\Lambda_{-}^{2}S^{4}$ [1] $G_{2}$ $g_{\lambda}(\lambda>0)$
$\Lambda_{-}^{2}S^{4}$ $S^{4}$ Levi-Civita
$T_{\omega}(\Lambda_{-}^{2}S^{4})\cong \mathcal{H}_{\omega}\oplus \mathcal{V}_{\omega}(\omega\in\Lambda_{-}^{2}S^{4})$




$s_{\lambda}=(\lambda+r^{2})^{1/4},$ $r$ # $S^{4}$ $\tau$
tautological 2-form $vo1_{\mathcal{V}}$ $g_{\mathcal{V}}$
$\lambda>0$ $(\Lambda_{-}^{2}S^{4}, \varphi_{\lambda}, g_{\lambda})$ torsion-free $G_{2}$ $g_{\lambda}$
Hol $(g_{\lambda})=G_{2}$
13. $A_{-}^{2}S^{4}-$ { $0$ –section} $\cong \mathbb{C}P^{3}\cross \mathbb{R}_{>0}$ $\lambda=0$ go $\iota$
$\mathbb{C}P^{3}$ $\mathbb{C}P^{3}$
$g_{\mathbb{C}P^{3}}$ 3-symmetric
Einstein $g_{0}$ Hol(go) $=G_{2}$
5.2 $G=SU(2)$




$(x^{1}, \cdots, x^{5}) \mapsto (\frac{x^{1}}{1-x^{5}}, \cdots, \frac{x^{4}}{1-x^{5}}) =:(y^{1}, \cdots, y^{4})$ .
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$\Lambda_{-}^{2}S^{4}$ $(a^{1}, a^{2}, a^{3})$ $\mathbb{R}^{7}$
“ “ $\Sigma$
$\Sigma = \Sigma_{1}\sqcup\Sigma_{2}\sqcup\Sigma_{3},$
$\Sigma_{1}$ $=$ $\{(y^{1},0,0,0, a^{1}, a^{2}, a^{3})\in \mathbb{R}^{7};y^{1}>0, a^{i}\in \mathbb{R}\},$
$\Sigma_{2}$ $=\Lambda_{-}^{2}S^{4}|_{x^{5}=-1}-\{0\}\sqcup\Lambda_{-}^{2}S^{4}|_{x^{5}=1}-\{0\},$ $\Sigma_{3}=\{x^{5}=\pm 1\}\subset S^{4},$
$SU(2)$ $\cdot\Sigma=\mathbb{R}^{7}$
$SU$ (2) $\cdot x\cong\{\begin{array}{ll}S^{3} (x\in\Sigma_{1}) ,S^{2} (x\in\Sigma_{2}) ,* (x\in\Sigma_{3}) .\end{array}$
$SU(2)$ Lie $\mathfrak{s}u(2)$ $\{X_{1}, X_{2}, X_{3}\}$ (4.1)
path $c:Iarrow\Sigma$
$\varphi(X_{1}^{*}, X_{2}^{*}, X_{3}^{*})|_{c} = 0,$
$\varphi(X_{i}^{*}, X_{j}^{*},\dot{c})|_{c} = 0(1\leq i,j\leq 3)$ .
$c$
14. $\forall C\in \mathbb{R},$ $\forall\vec{v}\in S^{2}\subset \mathbb{R}^{3}$
$M_{C}:= SU(2)\cdot\{((y^{1},0,0,0), r\vec{v});-\int_{0}^{\sqrt{r}}(\lambda+a^{4})^{1/8}dar\geq 0,y^{1}\in+\frac{(\lambda+r^{2})^{1/8}\sqrt{r}}{\cup\{\infty\}1+(y^{1})^{2}}\mathbb{R}=C,$ $\},$
$\Lambda_{-}^{2}S^{4}$ $SU(2)$ coassociative
$M_{C}\cong \mathcal{O}_{\mathbb{C}P^{1}}(-1)(C\neq 0) , S^{4}\sqcup S^{3}\cross\mathbb{R}(C=0)$ .
$SU(2)$
10 $\Lambda_{-}^{2}S^{4}-$ {$0-$ section} $\cong \mathbb{C}P^{3}\cross$
$\mathbb{R}_{>0}$
$T^{2}$ coassociative cone $T^{*}S^{2}$ ( $S^{2}\subset S^{4}$ : )
$S^{4}$ 1
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